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Fig. 1. Our statistical error-reduction framework combines multi-transform (‘M’) and cascaded (‘C’) denoising with linear explained-variance correction (‘L")
to denoise both radiance and variance estimates. The latter can be used for adaptive sampling (“ASM”) to reduce image mean squared error (MSE) even
further. We compare our denoiser (with and without adaptive sampling) to various state-of-the-art methods (see also Fig. 12 for details).

Denoising is an important post-processing step in physically based Monte
Carlo (MC) rendering. While neural networks are widely used in practice,
statistical analysis has recently become a viable alternative for denoising. In
this paper, we present a general framework for statistics-based error reduc-
tion of both estimated radiance and variance. Specifically, we introduce a
novel denoising approach for variance estimates, which can either improve
variance-aware adaptive sampling or provide additional input for image
denoising in a cascaded manner. Furthermore, we present multi-transform
denoising: a general and efficient correction scheme for non-normal dis-
tributions, which typically occur in MC rendering. All these contributions
combine to a robust denoising pipeline that does not require any pretraining
and can run efficiently on current GPU hardware. Our results show dis-
tinct advantages over previous denoising methods, especially in the range
of a few hundred samples per pixel, which is of high practical relevance.
Finally, we demonstrate good convergence behavior as the number of sam-
ples increases, providing predictable results with low bias that are free of
hallucinated neural artifacts. In summary, our statistics-based algorithms for
adaptive sampling and denoising deliver fast, consistent, low-bias variance
and radiance estimates.
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1 Introduction

Modern physically based rendering systems almost exclusively build
on some variant of Monte Carlo (MC) integration. Their stochastic
sampling process inherently produces some (random) noise in the
resulting images. Denoising methods that post-process rendered
images to reduce this noise have been extensively researched in
the computer graphics literature. While most recent methods (e.g.,
[Firmino et al. 2022]) rely on neural networks to learn a map from
noisy input images to low-noise outputs, previous work [Sakai
et al. 2024] has shown that reasoning statistically about the sample
distributions of nearby pixels can yield fast and efficient denoising
without the overhead of prior training.

In this paper, we propose a general statistical framework for
reducing error in MC rendering. Besides the classical problem of
denoising image pixels (which from a statistical point of view are
estimators of their population means), we also denoise estimates
of the variance, which enables two novel applications: first, a sta-
tistically optimal adaptive sampling strategy that allocates batches
of future samples to pixels based on (denoised) variance estimates;
and second, a cascaded denoising pipeline that utilizes our denoised
variances to improve the statistical tests employed to denoise the
rendered image itself.

Sample distributions in MC rendering are generally quite different
from the normal distribution, which is often assumed by statistical
tests. The Box—Cox transformation can move these distributions
closer to normality, but its effectiveness depends on a carefully
selected transformation parameter in practice. We mitigate this issue
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with a simple and memory-efficient approach that incorporates a set
of different transformation parameters into our statistical denoising
framework. Analyzing the sample distribution’s behavior under
multiple transformations improves the validity of statistical tests
and, therefore, the quality of our denoising method.

Finally, we note that when edges in an image cross the area of a
pixel, variance estimates for such a pixel can become excessively
large. This overestimated variance can in turn lead to overblur-
ring during denoising, as a large variance estimate encourages the
statistical tests to include more nearby pixels when filtering the
image. We introduce a lightweight strategy that corrects for these
issues by splitting the total variance into an explained and an unex-
plained component, and then linearly approximating the explained
variance using the covariance between the sample values and the
sample locations within each pixel. Our results show that this lin-
ear explained-variance correction clearly improves the denoising
performance for these edge cases.

In summary, we present the following contributions in this paper:

o multi-transform denoising, building on the Box—-Cox transfor-
mation and the Jarque—Bera statistic to quantify normality,
which enables different regions of an image to utilize differ-
ent transform parameters and thereby improves denoising
quality for both mean and variance estimates;

o linear explained-variance correction to prevent overblurring
of pixels containing multimodal sample distributions;

o and variance denoising, with applications to adaptive sampling
and cascaded denoising, where we use corrected variance
estimates to subsequently denoise the image itself.

We provide supplementary materials, such as the source code, at
https://www.cg.tuwien.ac.at/StatER.

2 Related Work

The stochastic sampling in Monte Carlo (MC) rendering manifests
itself as noise or error in the resulting images. A common approach
to mitigate this noise is to use adaptive sampling or filtering [Huo
and Yoon 2021; Zwicker et al. 2015]. In this work, we focus on
aposteriori denoising of (image-space) pixel estimates.

Classical approaches usually use filters that are dynamically
adapted in order to find a trade-off between reducing noise and
introducing unwanted bias. Common choices are Gaussian [Rous-
selle et al. 2011], (joint) bilateral [Li et al. 2012; Liu et al. 2018; Mara
et al. 2017; Park et al. 2013; Rousselle et al. 2013; Sen and Darabi
2012; Xu and Pattanaik 2005], non-local means [Delbracio et al.
2014; Moon et al. 2013; Rousselle et al. 2012; Vicini et al. 2019],
wavelet [Dammertz et al. 2010; Kalantari and Sen 2013; Overbeck
et al. 2009; Schied et al. 2017, 2018], or non-local Bayes [Boughida
and Boubekeur 2017] filters. Alternatively, researchers have also
used diffusion [McCool 1999], higher-order regression [Bauszat
et al. 2011; Bitterli et al. 2016; Moon et al. 2014, 2015, 2016; Yuan
and Zheng 2017, 2018], or statistical concepts, including histograms
[Boughida and Boubekeur 2017; Delbracio et al. 2014; Park et al.
2013; Sen and Darabi 2012], confidence intervals [Moon et al. 2013,
2016], statistical testing [Sakai et al. 2024], and uncorrelated statis-
tics [Back et al. 2023]. Other approaches combine multiple existing
denoisers [Zheng et al. 2021]. To guide filtering, many approaches
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include additional auxiliary features, such as albedos and normals,
collectively referred to as “G-buffers”, or statistical estimates (e.g.,
sample variances).

Neural-network-based approaches are currently among the
state-of-the-art methods for MC denoising, such as Intel Open
Image Denoise (OIDN) [Afra 2025] and the NVIDIA OptiX
Al-Accelerated Denoiser, which is based on the work of Chaitanya
et al. [2017]. These approaches typically use a noisy image and
G-buffers as inputs. They are pretrained on many input-reference
pairs to map noisy renderings to a low-error approximation of the
ground-truth image. Consequently, their performance is highly
dependent on the training data. A notable exception was presented
by Choi et al. [2024], who employ online learning that does not
require pretraining. However, reconstructing features that are
missing in the G-buffers (such as shading effects) or exhibit high
variance is challenging and can lead to overblurring or so-called
“hallucinations”. In addition, convergence is often not guaranteed
but can be enforced using the approach by Firmino et al. [2022].

In this paper, we focus on non-neural techniques, motivated by
the work of Sakai et al. [2024], who showed that a purely statistical
approach can compete with current neural-network-based denois-
ing methods. Their approach is, however, limited in some important
ways. First, although they use a Box-Cox transformation to im-
prove robustness for non-normal distributions, their approach relies
on a single fixed global transformation parameter and therefore
cannot adapt to different sample distributions in complex scenes.
Furthermore, Sakai et al. [2024] denoise the mean relying on (noisy)
variance estimates but do not leverage the potential of denoising
the variance. We generalize their idea, adding variance denoising to
build a general statistical denoising framework.

Adaptive Sampling methods aim to reduce noise by non-uniformly
distributing samples to pixels, commonly according to some mea-
sure of variability: early methods use contrast [Hachisuka et al. 2008;
Kalantari and Sen 2013; Mitchell 1987; Overbeck et al. 2009] or per-
ceptual metrics [Bolin and Meyer 1998; Farrugia and Péroche 2004;
Ramasubramanian et al. 1999], while more recent approaches use
variance [Rousselle et al. 2012, 2013] or mean squared error (MSE)
[Li et al. 2012; Moon et al. 2014; Rousselle et al. 2011]. Most recently,
neural-network-based approaches have also been introduced for
adaptive sampling [Bako et al. 2019; Firmino et al. 2023; Hasselgren
et al. 2020; Huo et al. 2020; Kuznetsov et al. 2018; Liang et al. 2024;
Salehi et al. 2022; Vogels et al. 2018; Xing and Chen 2020]. As with
the filtering step, we focus on non-neural approaches for adaptive
sampling in this work. Several methods derive sampling densities
from estimated reconstruction errors of the used filters [Li et al. 2012;
Overbeck et al. 2009; Rousselle et al. 2011, 2013], while some also
apply basic smoothing operations [Kalantari and Sen 2013; Rousselle
et al. 2012]. In contrast, we first reduce the error of the unbiased ren-
dering using adaptive sampling before denoising the image. For this
purpose, we derive sampling densities from our denoised variance
estimates following the Neyman allocation [1934].
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Fig. 2. Overview of our denoising framework, consisting of online moment
computations for multi-transform variance and mean denoising, as well as
an adaptive sampling strategy based on (denoised) variance estimates.

3  Overview

Here, we present a brief overview of our framework; in the fol-
lowing sections, we then summarize important concepts from the
literature (§4) and describe our denoising approach in detail (§5). As
illustrated in Fig. 2, for each pixel in a rendered image, we estimate
statistical moments (related to the mean, variance, skewness, and
kurtosis of the sample distribution), which are then used in statisti-
cal tests, formulated as membership functions that prevent filtering
over pixel pairs whose distributions are significantly different. We
employ the Box—Cox transformation to improve the normality of
these distributions, and therefore the quality of these tests. One in-
herent problem with this approach is that the theoretically optimal
transformation parameter may be different for every pair of pixels
and must be known before transforming all samples within these
pixels accordingly. While finding optimal parameters is clearly in-
feasible, we incorporate a fixed set of multiple transform parameters
into our pipeline and select the best one in this set during denoising.
“Best” may mean either closest to normality, as indicated by the
Jarque-Bera statistic, Eq. (10), or maximizing Welch’s ¢-statistic;
the former choice balances noise and bias, while the latter focuses
on avoiding bias during filtering. We use Welch'’s ¢-test for image
denoising; extending our approach to variance denoising, we also
need to test for differences in variances, building on Bonett’s test,
Eq. (7). We show two applications for denoised variance estimates:
(1) an adaptive sampling strategy (§5.3.1) following the statistical
theory on stratified sampling, assigning samples to pixels according
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to the Neyman allocation, Eq. (9), and (2) cascaded denoising (§5.3.2),
where we employ denoised variances to improve image denoising.
Finally, for image denoising, we also correct our variance estimates
by subtracting a linear approximation of explained variance (§5.2).
Throughout this work, we build on mean squared error (MSE) min-
imization because this metric (separable into bias and variance)
is most accessible from a theoretical point of view. Extending our
analysis to more elaborate metrics that better account for human
perception is an interesting avenue for future work.

4 Background and Notation

In this section, we briefly summarize basic concepts from the statis-
tics literature, as well as the core ideas of the statistical denoising
approach by Sakai et al. [2024]. Given estimates of the per-pixel
radiance 6; computed by MC integration of the rendering equation
[Kajiya 1986; Veach 1997], they start from a general denoising filter:

éj = Ziwijéi, (1)

where the denoised estimator 6 ; for pixel j is a convex combination
of noisy estimators 6; of multiple (neighboring) pixels with weights
w;j such that all w;; > 0 and }}; w;; = 1. These weights comprise
“apriori weights” p;;, see also Eq. (21), defining a base filter that
includes a priori information, such as G-buffers (normals or albe-
dos), and the “statistical membership function” m;;, which allows
or disallows combination based on statistical testing:
wij = pijmij/ (X pijmij) - @)
As in Sakai et al. [2024], we require m;; = m;; (symmetry, ensuring
energy conservation), Var(éj) -0 = my; =0if[|6; - 6;|| >0
(convergence), and m;; = 1 (identity), where 0; is the ground-truth
radiance of pixel j. To facilitate parallel execution and reduce mem-
ory usage, we only allow pair-wise evaluation of the membership
function, i.e., m;; only depends on statistics computed for pixel i
and j (but must not use statistics of other pixels). Moreover, all
these pixel statistics must support online calculation, i.e., they can
be updated one sample at a time without storing individual samples.
In this statistical denoising framework, the goal is to choose
weights w;;, or more specifically, membership functions m;; such
that the image’s MSE is minimized:
{w};} = argmin 3, MSE(0}, 6)). 3)
{wij}
In this work, we focus on MSE because it can be decomposed into
bias and variance terms. Sakai et al. [2024] have shown that, in
theory, pair-wise MSE minimization is equivalent to using Welch’s
t-test [1947] on the difference of the pixel means for m;;:

mij =1 if [t| <t,1_q/5, mi; =0 otherwise, (4)

where Welch’s t-statistic ¢ = (éi - éj)/(6i2/n,~ + &Jg/nj)%. Here
?fiz = Zzi (6 — 6;)? /(n; — 1) is the sample variance, where £;; de-
notes the k-th sample value and n; the number of samples for pixel i.
We then compare this t-statistic against a quantile t,;_4/, of the
Student ¢-distribution with degrees of freedom v and significance
level a. Intuitively, the role of the test is to disallow combining pixels
i and j if it detects a statistically significant difference [t| > t,,1_4/2.
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One major drawback of this approach, which we address in the
subsequent section, is that Welch’s t-test assumes normality and is
highly susceptible to violations of this assumption. One common
strategy is to apply the Box—Cox transformation to the (rendered)
samples to move their distribution closer to normality, applying a
power transformation to each sample value:

eV = -/t Az0, £ =In(g) if A=0, (5

where the transformation parameter A controls the effect of the
transformation. A well-chosen A can effectively compress or stretch
sample values, thereby correcting skewness or kurtosis (heavy tails)
and increasing normality. Thus, by considering statistics of Box—
Cox-transformed samples, we can improve the validity of Welch’s
t-test and consequently improve overall denoising quality.

4.1 Jarque-Bera Test for Normality

The effectiveness of the Box—Cox transformation in improving nor-
mality hinges on selecting an appropriate value for A. In our work,
we focus on quantifying deviations from normality to guide this
selection. To be efficient in practice, however, this quantification
must be computed without storing or processing individual samples,
which means that many classical normality tests, including the well-
known Kolmogorov-Smirnov test [Massey 1951], are unsuitable for
our purpose. Conversely, the Jarque—Bera (JB) test relies only on
estimates of skewness and kurtosis, which can be calculated online.
The JB statistic—including the corrections by Urzua [1996]—is:

(B(n+1) = 3n +3)2(n? + 8n + 15)
24n(n-2)(n-13)

7?(n? + 4n +3)

JB(7, B.n) = =D

5

(6)
where the sample skewness y = [i3/ ﬁg/ ? and kurtosis ﬁ = fu/fiZ,
using the [-th central moment j; = Y} _ (& — 6)! /n. Usually, the
JB statistic is then compared to a quantile of the y2-distribution. In
this paper, we do not perform this test directly, but instead use the
JB statistic to quantify normality of different distributions during
multi-transform denoising.

4.2 Bonett’s Test for Equal Variances

Besides testing for equality (or difference) of means using Welch’s
t-test, extending the statistical denoising concept to denoising vari-
ance estimates requires us to also test for equal variances in §5.3.
While the ¢-test compares absolute differences, variances are best
compared by considering their relative difference: we might ask, for
example, whether values in one distribution are twice as spread out
as those in another. Consequently, the statistics literature focuses
on comparing ratios of variances, rather than differences, provid-
ing various classical statistical tests for equal variances [Bartlett
1937; Hartley 1950; Snedecor and Cochran 1989]. These classical
tests are, however, also highly sensitive to non-normality. While
the Box—Cox transformation improves normality, it cannot make
any distribution perfectly normal. We therefore use a more recent
test by Curto [2023], which is based on Bonett’s variance confi-
dence interval for non-normal distributions [Bonett 2006]. This test
involves constructing a confidence interval for the variance ratio
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(ie., exp(&i + sep)) and checking whether this interval contains 1:
exp(c}i —sep) <1< exp(é'i + sep ), where 7)

&3 = lIn(c;69) = n(e;67)1, sei = ci((Br = (s = 3)/mi) [ (ni = D)2,
sep = zl_,,,/z(s‘el2 + s%:?)l/z, ¢i = ni/(ni — z1-q/2), and z;_q/; is the
(1 — a/2)-quantile of the normal distribution. The variances are
considered equal if the inequalities in Eq. (7) hold and significantly
different otherwise. We have compared various confidence intervals
[Bonett 2006; Burch 2017; Curto 2023] for the variance in extensive
simulation studies and found that Bonett’s test provided the most
accurate and consistent results for our purposes.

4.3 Neyman Allocation

Finally, we consider the problem of dynamically allocating a sample
budget to reduce error: a problem relevant for our adaptive sampling
approach in §5.3.1. This problem is closely related to the statistical
concept of stratified sampling: given a total sample budget n, the
goal is to allocate a certain number n} to each stratum j, where
n=73; n; and nj > 0, such as to minimize the error of an estimate

of the population mean over all strata:

* . Nj 2 U.? *
n; =argmin};; (T) e s. t. Zjnj:n, 8)
{nj}
where Nj is the size of stratum j and N = }}; N;. Neyman [1934]
has shown that the minimizer is

n; =n Njo;/(Xk Nio)- ©)

Having introduced the major building blocks, we develop our
general statistics-based error-reduction framework in the following
section, where all these components work together to tackle various
issues related to noisy estimates in MC rendering.

5 Our Statistical Framework

Here, we present three complementary approaches that form the
basis of our statistical framework: (§5.1) a statistically valid method
to incorporate multiple sample transformations into the membership
function, (§5.2) accounting for explained variance, and (§5.3) a novel
membership function to denoise variance estimates. We provide an
overview of our denoising framework in Fig. 2.

5.1 Multi-Transform Denoising

As discussed in §4, non-normal distributions can have a detrimental
impact on the statistical tests we employ. This issue can be alleviated
using the Box—Cox transformation, but the theoretically best trans-
formation parameter may vary across the image. Previous work
[Sakai et al. 2024] simply sets a single user-specified value for all
pixels. Here, we generalize this approach by incorporating multiple
Box-Cox parameter values for each pixel.

Note that valid pair-wise comparisons are only possible for statis-
tics that stem from samples transformed with the same parameter A.
Ideally, one would determine the optimal parameter for each pixel
pair, such as to maximize the validity of the statistical test. This
approach, however, is infeasible in practice: the transformation must
be applied to each sample individually and cannot be effectively
applied to the resulting statistics later, which would require storing
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Fig. 3. The difference of normally distributed sample means (a) is again
normally distributed. Here, Welch’s ¢-test (blue) is accurate, covering the
actual percentiles (green). In the case of non-normality (b), the test becomes
inaccurate in some areas: too permissive (red) or too discriminative (orange).
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Fig. 4. Multi-transform denoising: Given a noisy image (a), applying
one transformation may overblur some features, such as the shadow seen
through the glass (b), while a different transformation may overblur others,
like the shadow on the plate (c). Multi-transform denoising combines multi-
ple transformations to prevent overblurring (d). Errors are reported as root
mean square error (RMSE).
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Fig. 5. Multi-transform variance denoising: Given noisy variance es-
timates (a), here for 64 samples per pixel (SPP), visualized as standard
deviation, we show single transform variance denoising using Bonett’s test
(b) and multi-transform variance denoising using the most discriminative
transform (c). Choosing the best transform based on the Jarque-Bera statis-
tic (d) provides the highest quality.

all samples. Beyond that, computing a good A for every pair would
be prohibitively expensive given the total number of pixel pairs.

We, instead, first select a set of parameter values {A,,}, and trans-
form each sample with each of these parameters independently
during rendering. Consequently, we store only the corresponding
set of statistical moments {ﬁ;Am)} for each pixel. During denoising,
we select the best parameter A;, out of this set for each pixel pair.
In principle, we want to bring the difference distribution for this
pair closest to normality (compared to the other available A, val-
ues), which improves the validity of Welch’s t-test as illustrated
in Fig. 3. In other words, we reduce the problem of determining
the optimal Box—Cox parameter to finding the best set of moments
among multiple differently-transformed sets per pixel pair.

In practice, we solve this problem in different ways, depending
on the application: For denoising estimates of means (i.e., image
denoising), we could evaluate the normality of the difference distri-
bution via the Jarque—Bera statistic for the transformed moments.
While maximizing normality aims to balance noise against bias, em-
pirically, avoiding bias due to overblurring is often more effective.
In our results, we therefore heuristically select Ay, such that the

- AN
H l[ j LEVC
R _—
Pixel “_ _ 7

Fig. 6. Distinct bright and dark regions produce a multimodal sample dis-
tribution in a pixel (two narrow spikes in the plots). Estimating the vari-
ance based on moments approximates these spikes with a wide, unimodal
distribution, thus overestimating the variance (red regions). Our linear
explained-variance correction (LEVC) improves the estimate of the (unex-
plained) variance that is actually due to random sampling.

membership function is most discriminative, i.e., the transformation
that maximizes Welch’s ¢-statistic. In practice this means that the
membership function disallows combining pixels i and j if the test
fails for any of the transformations in {A,,}. We visually compare
single and multiple transformations for denoising in Fig. 4.

For variance denoising, unfortunately, this simple heuristic does
not yield satisfactory results; see Fig. 5. As detailed in §5.3, our
membership function for variance denoising tests ratios of variance.
In this case, we have to use a less discriminative strategy to reduce
overall error, because variance (the mean of squared deviations)
tends to be noisier than the mean. The most accurate approach
would involve estimating (statistics of) the sampling distribution of
the variance ratio for each pixel pair and quantify its difference to
the F-distribution (i.e., the expected distribution under normality).
However, to the best of our knowledge, there is no general method
to obtain the required statistics about the variance-ratio distribution
and no test to assess the deviation from the F-distribution. Not-
ing that normality of the original distributions implies that their
variance-ratio distribution follows the ideal F-distribution, we di-
rectly quantify deviation from normality for each pixel’s sample
distribution. We then choose an appropriate transformation param-
eter A}, for variance denoising based on the (adjusted) Jarque-Bera
(JB) statistic, indicating the overall non-normality of the distribu-
tions for pixels i and j:

BU =8, B0 ng) + B, B ), (10)
where }71.(/1'") and are skewness and kurtosis for pixel i trans-

formed with A, and analogously for pixel j. Finally, for each pixel
(Am)
ij

o
pom

pair ij, we choose A;, in {A,,} that minimizes JB

5.2 Linear Explained-Variance Correction

When statistically denoising pixels where the integrand exhibits
strong variations across the pixel’s area, excessively large variance
estimates may lead to these pixels being combined with more neigh-
bors than necessary, ultimately increasing bias. For instance, when
a pixel covers part of a window (bright) and part of a window blind
(dark), as illustrated in Fig. 6, the resulting variations between bright
and dark samples lead to a high estimated variance. While in this
example, G-buffers may suffice to avoid filtering across such an edge,
more complex scene geometries, such as viewing the same situation
through a mirror or hard shadows cast by directional lighting result
in similar issues. We show the effect of our correction on denoised
renderings of two scenes (with and without G-buffers) in Fig. 7.
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Fig. 7. Linear explained-variance correction (LEVC): Total sample vari-
ance can lead to high variance estimates along feature edges (a; visualized
as standard deviation), resulting in higher (squared) error in the denoised
image due to overblurring (c). Our correction effectively accounts for ex-
plained variance (b) to prevent these issues, resulting in a lower error (d) of
the final image (e). In another test scene, the input (A) has been denoised
without LEVC and G-buffers (B), clearly showing overblurring of the grid
lines. Employing our LEVC (C) mitigates this problem. Errors are reported
as root mean square error (RMSE).

Here, we address this problem by decomposing the total variance
of a pixel’s samples into unexplained and explained components,
according to the law of total variance [Casella and Berger 2024]:

Var(L) = [)1 Var(L|X = x) dx + [)1 (E[L|X = x] —E[L])* dx
= [ o®(x) dx + [ (£(x) - 0) dx, 11)

where L denotes the sampled random variable, X the position within
a pixel, and #(x) = E[L|X = x] describes the hypothetical means
for a given position. The explained variance refers to variations of
(hypothetical) ground-truth values £(x) with the position x, i.e., vari-
ance that is explained by moving x within the pixel. We now look
for an estimate of the explained variance.

Unfortunately, to directly evaluate the explained variance, we
would need to store information on a sub-pixel level, i.e., either the
average or the variance of L for a particular position x within a
pixel. For a practical solution that can be computed online, we first
write the explained variance as

Sl - 02 dx = [ |e(x) - 0] |£(x) - 6] dx. 12)

Note that, if we were to simply evaluate either integral directly using
sample values and sample mean, the result would estimate the total
variance. It turns out that we can provide a linear approximation of
the explained variance using the covariance Cov(X,E[L|X]). The
main motivation to do so is that the covariance can be estimated
online, does not require storing information on a sub-pixel level,
and naturally quantifies the dependence of £(x) on x to first order.
Specifically, we now approximate the first factor by a linear function
with (unknown) incline c:

fol [£(x) = 0] [¢(x) — 0] dx = fol clx=1/2| |£(x) = 0] dx.  (13)
Noting that the covariance is

Cov(X,E[LIX]) = [ (x -~ 1/2) (£(x) - 6) dx, (14)
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Fig. 8. Both explained variance (left) and scaled covariance (right) can be
interpreted as volumes (gray). For our linear explained-variance correction,
we choose the coefficient ¢ such that our approximation (right) has equal
mean absolute deviation (MAD). In this simple example, the approximation
is exact; in practice, £(x) is unknown, but we can estimate its MAD online.

we further approximate the explained variance by
[ elx - 1/2] |e(x) - 6l dx ~ ¢ | Cov(GE[LIXD)],  (15)
and finally set ¢ to the ratio of the mean absolute deviations (MADs):
c= [11eGx) ~0ldx / [ lx—1/2ldx =4 [)' |e(x) - 6] dx. (16)

In summary, we linearly approximate the explained variance by
scaling the covariance to match the MAD observed in the sample
distribution. Fig. 8 illustrates a simple example where the explained
variance can be estimated exactly. Our approximation relies only
on covariance and MAD; both quantities can be estimated online
during rendering. So far, we have focused on a single coordinate x.
While covariances along orthogonal axes are naturally separable,
the MAD is not. We choose to estimate the MAD for the entire pixel
(integrating over the 2D domain of the pixel) rather than computing
separate conditional MADs per axis. This approximation is exact
when sample values depend on only one axis and gradually loses
accuracy as the dependence between axes increases. To summa-
rize, we improve the variance estimate 6% by subtracting the linear
explained-variance correction, which we approximate using the
covariances in x and y direction, while the scaling factor ¢ is four
times the MAD over the entire pixel area:

Stpve = 6° = ¢ (| Cov(X, E[LIX])| + | Cov(Y,E[LIYD]),  (17)

where X and Y represent pixel coordinates in the respective dimen-
sions. In Alg. 2 (suppl.), we provide pseudocode for this correction.

5.3 Variance Denoising

One of the key advantages of our statistics-based denoising frame-
work is that it easily generalizes beyond denoising pixel colors
(i.e., sample means). Here, we show how to apply the same frame-
work to denoising variance estimates (Fig. 5), along with example
applications for adaptive sampling and for further improving sub-
sequent denoising of the mean. Analogous to mean denoising, we
compute a convex combination of noisy variance estimates (3';2 per
pixel i to determine the denoised result 6']2. = w6

Following Eq. (2), the weights w;; are composed of the same
apriori weight p;; as for mean denoising (incorporating distance in
image, normal, and albedo space) and a novel membership function
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Fig. 9. Optimal adaptive sampling: Uniform sampling (a) often fails
to adequately sample high-noise areas. Using a noisy variance estimate
for adaptive sampling (b) can exacerbate the problem when variance is
underestimated. While our denoised variance improves sample allocation
(c), we generally obtain the best error reduction using the maximum of
both noisy and denoised variance during adaptive sampling (d). Errors are
reported as root mean square error (RMSE).

for the variance. Thus, the key question is how to determine an
appropriate membership function m;; for variance denoising. As
discussed in §4.2, variance estimates should be tested for relative
scale. Consequently, we use Bonett’s test, Eq. (7), evaluating the
confidence interval for the variance ratio, described by (62, sep),
for each pixel pair ij. Noting that both 6% > 0 and sep > 0, we can
simplify the test by first taking the logarithm and rearranging terms
to define our membership function for variance denoising:

m;; =1 if f}z <sep, m;; =0 otherwise. (18)

5.3.1 Application I: Optimal Adaptive Sampling. One natural appli-
cation is to use denoised variance estimates for adaptive sampling,
i.e., allocating a number of future samples out of a given budget to
each pixel in order to reduce the overall image error. If we measure
this error as the total MSE (which is regularly used as an image qual-
ity metric), Neyman’s allocation provides a theoretically optimal
solution. This result follows from minimizing image MSE, defined
as @img =m! Zj(éj — 0;)% where m is the number of pixels in
the image and 6; is the ground-truth pixel color (which is currently
estimated by éj). Assuming an unbiased renderer, i.e., E[éj] =0,
1\71—siimg is an estimator of the average variance per pixel:

E[MSEimg] =m™' 3, E [(éj - e,-)Z] =m'Y; (/n).  (19)

Note that minimizing the right-hand side of Eq. (19) is equivalent
to the stratified sampling problem in Eq. (8) when all strata have
unit size. Therefore, Neyman’s result, Eq. (9), provides the optimal
sample allocation for a given sample budget n = 3’ n’:

*

n; =noj/ Y . (20)

In practice, however, we do not know the true pixel variance o?.

Therefore, we first start rendering with an equal number of samples
per pixel, then estimate and denoise the pixel variances, and finally
use these variance estimates, &j?, to adaptively allocate the next batch
of samples according to Eq. (20). This process then repeats for each
subsequent batch, iteratively increasing the total sample budget n.
Monte Carlo (MC) rendering sometimes generates large outliers
(fireflies) for the pixel estimates 0 ;, resulting in a corresponding high
variance estimate 6]2. In these cases, using the denoised variance
6']? fails to allocate enough samples to these outliers. Conversely, in
cases where the variance 67 is heavily underestimated, a pixel might
not receive any additional samples. Consequently, to mitigate both

(c) 0.3864 ]

¢ (b) 0.3118 4 (d) 0.3122

Fig. 10. Cascaded denoising: A noisy input image (a), here at 4 SPP, can be
denoised using noisy variance estimates (b) and denoised variance estimates
(c). The former leaves some residual noise while the latter tends to “single
out” outliers, both due to local underestimations of variance. Using the
maximum of the noisy and denoised variances often produces the most
visually pleasing result (d). Errors are reported as RMSE.

of these issues, we always assign at least four samples to each pixel
and allocate the remaining sample budget proportional to modified
deviations 6; = max(6j, &;). We demonstrate the effect of our
adaptive sampling strategy in Fig. 9 and describe how to account
for the resulting varying sample sizes during denoising and further
details in our supplementary document.

5.3.2  Application II: Cascaded Denoising. Welch’s t-test (employed
to denoise pixel colors) relies on estimates of the pixel variances.
This consideration suggests another application for our variance
denoising, which we call cascaded denoising: instead of using noisy
variance estimates directly, we first denoise them and use the result-
ing smoothed variances to evaluate the membership function during
image denoising. As before, we must again take care of fireflies: de-
noising (i.e., reducing) their large variance estimates would make
Welch’s test more likely to exclude their neighbors from filtering,
leaving the fireflies in the denoised image, which is clearly undesir-
able. Consequently, we use the modified variance estimates 6'12. in
practice. Replacing the “raw” variance estimates with our modified,
denoised variances generally improves denoising overall, although
potentially introducing a small additional bias. Consequently, our
cascaded denoising tends to provide visually more pleasing results
(Fig. 10) while performing slightly worse in numerical comparisons.
In order to apply cascaded denoising in conjunction with our multi-
transform denoising (for pixel means), as described in §5.1, we
denoise the variances for each transformation separately.

6 From Theory to Practice

Our statistical framework is implemented in pbrt-v3 [Pharr et al.
2016] as an iterative renderer that delivers a specified number of
samples per pixel (SPP) in each iteration (average SPP in case of
adaptive sampling). While rendering in this version of pbrt runs on
the CPU—where we also compute the online statistics summarized
in Alg. 1 in our supplementary document—all denoising operations
are implemented on the GPU. We use the algorithm by Meng [2015]
to compute the first four central moments and the algorithm by
Pébay [2008] for the covariances, with a slight modification: as
we already know the expected value of both in-pixel coordinates,
E[x] = 1/2, we can use it directly instead of an estimate, thereby
improving the covariance estimate. For the MAD, we use a biased,
but consistent, estimator based on Welford’s [1962] algorithm.

SA Conference Papers 25, December 15-18, 2025, Hong Kong, Hong Kong.
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Fig. 11. Plots illustrating the trade-off associated with the used num-
ber of transforms for denoising (MCL). Here, we have used the KITCHEN
scene (Fig. S10) and the following transformation sets—MT1: {0.5},
MT2: {0.5,0.75}, MT3 (default): {0.25,1}, MT4: {0.25,0.5,0.75,1}, MT5:
{0.01,0.25,0.5,0.75, 1, 3}, as well as MT3 using the Jarque-Bera statistic in-
stead of the most-discriminative heuristic (“MT3-JB”). In the supplementary
document, we provide these plots for the case of adaptive sampling.

For all our results, we use a joint bilateral base filter, with image-
space positions (x, y), albedo (r, g, b), and (world-space) surface nor-
mals (ny, ny, n;) as a priori information (G-buffers). Following the
notation in Eq. (2), we set p; = (xi, Yi, i, Gi» bi, Nix, iy, niz)" and use
a covariance matrix ¥ = diag(10, 10, 0.02, 0.02,0.02,0.1,0.1,0.1) as
well as a filter radius of 20 pixels. Our base filter, therefore, applies
the a priori weights

pij = exp (~0.5 (p; =)= () ~ p1)) (21)

Multi-transform variance denoising involves potentially applying
linear explained-variance correction and denoising the variance for
all transformations {A,,} if cascaded denoising is used. We then
perform mean denoising based on these variance estimates (poten-
tially corrected, denoised, or both). In Eq. (4), we use v = n; +n; — 2,
the upper bound of the Welch—-Satterthwaite equation, as in prior
work [Sakai et al. 2024]. If optimal adaptive sampling is enabled, we
calculate the optimal SPPs for the next iteration, which then contin-
ues with rendering and collecting statistics. For details, please also
refer to the pseudocode listings in our supplementary document.

7 Results

In our statistical error-reduction framework, all components can
be combined into a unified statistical denoising pipeline. We com-
pare our framework with two classical methods: the one-sided con-
fidence interval by Moon et al. [2013] (“Moon CI”) and the sta-
tistical denoising technique by Sakai et al. [2024] (“StatMC”), as
well as three neural denoising methods: the latest versions of In-
tel’s Open Image Denoise (OIDN) [Afra 2025], NVIDIA’s OptiX
Al-Accelerated Denoiser [Chaitanya et al. 2017], and the progres-
sive denoising approach by Firmino et al. [2022] (“ProDen”). We
indicate our components by ‘M’: multi-transform denoising (§5.1),
‘C’: cascaded denoising (§5.3.2), and ‘L’: linear explained-variance
correction (§5.2), as well as our adaptive sampling strategy (§5.3.1)
either with ("ASM”) or without (“ASN”) multi-transform denoising
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of variance. For instance, we refer to the combination of all com-
ponents as “ASM+MCL”. Please also refer to our supplementary
document for more fine-grained comparisons, demonstrating the
performance of individual components of our framework. We set
a = 0.005 for Welch’s t-test and Bonett’s test and apply two trans-
formations for multi-transform denoising: 4; =0.25and A; = 1.In
Fig. 11, we illustrate the motivation behind this choice: while the
improvement from one transformation (“MT1”) to two (“MT2” and
“MT3”) is notable, more than two transformations (“MT4” and “MT5”)
yield diminishing returns, because the gains are outweighed by the
overhead of computing and utilizing the extra statistics. For Moon
et al’s [2013] method, we use @ = 0.002 as recommended in their
paper. When using adaptive sampling, we start with an initial (uni-
formly distributed) batch of 32 SPP, as starting too early increases
the chances of pixels “getting stuck” with a low number of sam-
ples due to early underestimations of variance. We then adaptively
allocate batches of 32 additional (average) SPP in each iteration.

We conducted rendering and denoising on three compute servers,
each equipped with an AMD EPYC 7413 CPU and an NVIDIA A40
GPU. Compared to rendering, denoising—even with multi-transform
denoising of both variance and mean—requires only a fraction of
the total runtime. Please note that our denoising time is largely
independent of the number of rendered samples. For example, in the
result shown in Fig. 12, Moon et al.s method took 37.4 ms, OptiX
114.3 ms, OIDN 22 ms, ProDen 4129.7 ms, StatMC 25.2 ms, our MCL
77.3ms, and our ASM+MCL 157.1 ms. We also evaluated denoising
times on a commodity NVIDIA RTX 3080 Ti GPU, where all methods
are only about 9.4 % slower than on the A40 GPU. In Table S1, we
provide denoising times for our main results.

As our framework builds on the theory of minimizing MSE, we
observe the largest improvements in our results for this metric.
In our comparisons, we further report mean absolute error (MAE)
and structural dissimilarity (DSSIM) (based on tone-mapped low-
dynamic-range (LDR) images). In Figs. 1, 12-14, we observe that neu-
ral denoisers often overblur intricate features, whereas our method
typically preserves sharper detail, particularly in scenes containing
hair. Optimal adaptive sampling (ASM) provides a significant im-
provement in terms of MSE, evident in our plots (Fig. 15). Here, we
highlight a distinct advantage of our statistical denoiser: because it
already considers the sample distributions of pixels, including po-
tentially varying sample sizes, it can synergistically improve upon
the error reduction afforded by adaptive sampling with minimal
overblurring. Neural denoisers, on the other hand, generally have
less knowledge of the sample distributions and therefore often fail
to improve upon the adaptive sampling result. Additionally, they
are typically trained assuming a uniform number of samples per
rendered image, and accommodating varying sample sizes (result-
ing from adaptive sampling) would further complicate the already
complex training process for these denoisers. We illustrate this sit-
uation in the equal-time comparison given in Fig. 16 and further
explore it in our supplementary document, which includes a variety
of comparisons and additional ablation studies, such as extended
multi-transform results and an example using the (blue-noise) Z sam-
pler by Ahmed and Wonka [2020].
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Fig. 12. We compare our full denoising pipeline (“MCL”) (with and without adaptive sampling “ASM” based on multi-transform denoised variance) to the
approach by Moon et al. [2013] (“Moon CI1”), NVIDIA OptiX Al-Accelerated Denoiser (“OptiX”), Intel Open Image Denoise (“OIDN”), progressive denoising
[Firmino et al. 2022] (“ProDen”), and the statistical denoiser by Sakai et al. [2024] (“StatMC”). The sample budget is 64 SPP (average for ASM+MCL).

Input Moon CI OptiX

CAR 0.0328

0.0169 0.0121

0.0127 0.012 0.0155 0.0143 0.0082 RMSE

Fig. 13. CAR rendered with 128 SPP (average for ASM+MCL).

0.0442 0.044

BATHROOM 0.0555

0.0839

Reference

ASM+MCL

0.0429 0.0642 0.0424 0.0237 RMSE

Fig. 14. BATHROOM rendered with 8192 SPP (average for ASM+MCL).

8 Discussion and Conclusion

In summary, we have presented a general statistical framework for
Monte Carlo (MC) denoising that improves upon the convergence
behavior of previous denoising methods and introduces a novel
denoising scheme for variance estimates. Our variance denoising
enables two key applications: adaptive sampling, building on the
theoretically optimal Neyman allocation during rendering, and cas-
caded denoising, where improved variance estimates increase the
performance of significance tests employed to denoise the final im-
age. Finally, our linear explained-variance correction (LEVC) further
improves upon our variance estimates and therefore our denoising
performance. All our novel components combine into an efficient
denoising pipeline that runs on the GPU.

While we present a denoising system that integrates several novel
components, each component could, in principle, benefit other meth-
ods as well, opening multiple avenues for future work. For example,
our multi-transform membership functions could be incorporated

as a kernel mask in other filters. Similarly, methods that use vari-
ance estimates as indicators of sampling noise (e.g., [Grittmann et al.
2019]) could benefit from our linear explained-variance correction
(LEVC) or variance denoising. More broadly, we view statistical
transformations as a general tool for tackling the difficult problem
of outliers in MC rendering. Our multi-transform approach extends
previous work [Sakai et al. 2024] to a wider variety of distribution
shapes. In this work, we build upon the theory of mean squared
error (MSE) minimization. While we observe good denoising quality
for other error metrics in our results, minimizing MSE does not al-
ways lead to visually pleasing results, especially at very low sample
counts—a regime where neural denoisers tend to perform well. In
the future, adapting statistical tests to different (e.g., perceptual)
error metrics promises further improvement in the visual quality
provided by our framework. The versatility of our pipeline, in prin-
ciple, also opens up avenues for future work on temporal denoising
for animations.
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Fig. 15. Error plots comparing our denoising “MCL” (and adaptive sampling “ASM+MCL”) to the approach by Moon et al. [2013] (“Moon CI”), NVIDIA
OptiX Al-Accelerated Denoiser (“OptiX”), Intel Open Image Denoise (“OIDN”), progressive denoising [Firmino et al. 2022] (“ProDen”), and the statistical
denoiser by Sakai et al. [2024] (“StatMC”). As explained in §7, for adaptive sampling we start with 32 SPP to avoid allocating too few samples due to significant

underestimations of variance.

——  Input ——  OptiX —— OIDN MCL
= ASM+OptiX == ASM+OIDN =— ASM+MCL
RMSE MAE
1F T = T T
i 1 01 £
0.1} - B §
B 1 001F .
0.01 E = 1
: - e g—
1 100 10000 1 100 10000

Fig. 16. Comparison between our denoising and adaptive sampling meth-
ods and neural-network denoisers using either uniformly sampled or our
adaptively sampled images as inputs for the CLASSROOM scene, Fig. S9.
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